We focus on the analysis of three inequivalent equations of state of geometric dark energy in f (R) cosmology that have been considered in the past and discuss their differences, advantages and drawbacks.
I. INTRODUCTION
Astronomical observations based on type Ia supernovae (SNIa) together with the assumption that the Universe is homogeneous and isotropic at large scales led to the conclusion that the Universe is currently expanding in an accelerated way [1] [2] [3] . This phenomenon can be explained by appealing to the existence of a cosmological constant Λ. However, despite the simplicity and success of this paradigm, several theoretical as well as epistemological arguments have been put forward as objections against such a simple model of the Universe (see Refs. [4] for a discussion).
In order to provide an alternative explanation for the acceleration of the Universe, and even for dark matter, several modified theories of gravity (MTG) have been proposed. Perhaps the most popular MTG over the past ten years and the one we focus in this article are f (R) metric theories [5] [6] [7] [8] , where an a priori arbitrary function of the Ricci scalar R replaces R itself in the gravitational Lagrangian.
In the present article we analyze the associated equation of state (EOS) of the geometric dark energy (GDE) in f (R) gravity and we show that, among the several definitions used in the past, one is the most viable to compare with observations. In order to appreciate the origin of such EOS we identify the corresponding covariant energy-momentum tensor (EMT) of GDE from which the EOS arise. Such EMT's allow us to reveal some bad and good features inherent to the EOS.
II. f (R) THEORY, THE RICCI SCALAR APPROACH
We consider a gravitational theory given by the following action where κ ≡ 8πG 0 (we use units where c = 1), and f (R) is a sufficiently smooth (i.e. C
3 ) but otherwise arbitrary function of the Ricci scalar R. The first term corresponds to the modified gravity action, while the second is the usual action for the matter, where ψ represents schematically the matter fields (including both the visible and possibly the dark matter).
The field equation arising from the action (1) under the metric approach is
where f R stands for ∂ R f , ✷ = g ab ∇ a ∇ b is the covariant D'Alambertian and T ab is the energy-momentum tensor of matter resulting from the variation of the matter action in (1) . It is straightforward to write the above equation in the following way:
where G ab = R ab − g ab R/2 is the Einstein tensor and (∇R)
Taking the trace of this equation yields
where T := T a a . Finally, using (4) in (3) we find
Equations (5) and (4) are the basic equations for f (R) gravity that we introduced in [9] and that have been employed recently to treat other related problems [10] [11] [12] [13] . An important property of f (R) gravity is that the EMT of matter T ab is conserved. That is, one can prove that the field equations imply ∇ a T ab = 0. This property incorporates the weak equivalence principle in the theory and will play an important role in the analysis of the EOS of GDE. Moreover, as it is well known, if 2f (R 1 ) − R 1 f R (R 1 ) = 0, for some R = R 1 = const., the theory gives rise to an effective cosmological constant Λ eff := R 1 /4. Therefore, when this R 1 exists, and when the matter content is small or negligible compared with Λ eff /κ, as it is the case with a late Friedman-RobertsonWalker cosmology, then the expansion naturally accelerates within the f (R) gravity when R → R 1 .
In the present article we shall focus on three models:
• Starobinsky [14] :
with q = 2 and λ = 1 and R S = 4.17H • Hu-Sawicky [15] :
where the parameters are n = 4, c 1 ≈ 1.25 × 10 −3 , c 2 ≈ 6.56 × 10 −5 and R HS ≈ 0.24H 2 0 .
• Miranda et al. [16] (hereafter MJW model):
with β = 2 and R * = H 2 0 .
All these models can be cosmologically viable (at least at the background level) [10] , and pass the Solar System tests. Nevertheless the MJW model has been the object of debate [17] [18] [19] .
III. COSMOLOGY
We assume now a FRW metric,
where k = ±1, 0, and focus only on the "flat" case k = 0. We also assume that the EMT of matter T ab is a mixture of three kinds of perfect fluids,
ab (baryons, radiation and dark matter) in epochs where they do not interact with each other except gravitationally. So in our analysis we do not put forward f (R) gravity as a possible solution to the dark matter problem but only as an alternative to the dark-energy. The total energydensity of matter is then ρ = −T 
-0.8 ρ rad /3. Under these assumptions, Eqs. (4) and (5) read,
where˙= d/dt and ρ X , p X are the density and pressure of GDE, respectively, given explicitly byρ X andp X according to Table I , taking A = 1 = B (see Section IV). As usual, the matter variables obey their own dynamics provided by ∇ a T ab = 0 which leads to the well known EMT of GDE energy-density and pressure of GDẼ
not conserved (conserved only in vacuum) (5) while T ab is the total EMT of matter. In the present case, T ab corresponds to a combination of three perfect fluids describing radiation, baryons and dark matter. The explicit expressions forρX andpX displayed in the table can be obtained fromT conservation equatioṅ
(i = 1 − 3) for each fluid component. This equation integrates straightforwardly for each of those species and the total energy-density of matter reads
where the knotted quantities stand for the values today. The quantities ρ X and p X also satisfy a conservation equation similar to (14) , but with an EOS ω X given by Eq. (18) below, which evolves in cosmic time (cf. Figure 1 ). The total equation of state is defined by ω tot := p tot /ρ tot , where p tot is the total pressure, and ρ tot is the total energy density, including the contributions of the geometric-dark components:
This quantity is directly related with the deceleration parameter q := −ä aH 2 = 1 2 (1 + 3ω tot ). Now, the expression for the Ricci scalar computed directly from the metric is given by
The EOS of geometric dark energy is given by ω X := p X /ρ X (cf. Table I ) and can be conveniently written in the following way using Eqs. (17) (with k = 0) and (12)
where the dimensionless densities for the different species Ω i := κρ i /(3H 2 ) (the subindex i stands now for radiation, baryons, DM and GDE) 1 satisfy the constraint Ω rad + Ω bar + Ω DM + Ω X = 1. Clearly we assume here that f (R) = R as otherwise one is led to ω X = 0/0.
We have solved the system (10), (12) and (13) as well as the alternative system (10), (13) and (17) using a fourth order Runge-Kutta algorithm integrating from the matter or radiation dominated epochs to the present (see [10] for the details). We checked that both systems give the same results.
IV. ALTERNATIVE EOS OF GDE
One of the goals of physical cosmology is to measure with better accuracy the EOS for dark energy ω DE [25, 26] . A departure from unit of |ω DE | would indicate that its nature is in fact much more complex than a "simple" cosmological constant. In the framework of f (R) gravity, unfortunately there is some kind of ambiguity in the way the EOS of GDE can be defined. For instance, the definition given by some authors depend on the way they decided to split both the total (effective) energy-density that appears in (11) and the total pressure that appears in (12) . This ambiguity amounts to disentangle this EOS from ω tot , which in f (R) gravity, seems a priori a non trivial task. Nevertheless, it is indeed possible to analyze if some definitions are better motivated than others, or if some of them have inherent pathologies. The definitions displayed in the previous section are those that we consider having the best features and are marked below as Definitions I.
It is convenient to introduce the covariant EMT's from which the different definitions can be deduced. Let us start then with ρ X and p X given previously. As one can verify, these emerge from an EMT defined from (5) as follows (cf. Refs. [14, 27] ):
where T tot ab is read-off from the r.h.s of (5) which states
The EMT T X ab satisfies the conservation equation ∇ a T X ab = 0 by virtue of the Bianchi identities and because T ab is conserved as well, as we stressed in Section II.
At first sight it may seem awkward to see the EMT of matter T ab appearing in the definition of T X ab (19) , which is supposed to be described only in terms of geometrical quantities. Nonetheless, there is a simple way to rewrite T X ab in that way as follows:
where G ab is given by the l.h.s of (3). This is certainly a more complicated alternative but otherwise equivalent to Eq. (19) . For instance, notice that in this alternative expression (21) we will find terms like ✷R that in (19) are rewritten using (4). We opted for (19) over (21) since the former suits better our approach, but again, both are equivalent. So the reader should not get the wrong idea that the appearance of the matter terms in (19) , and therefore in ρ X and p X as given by Table I , imply a direct coupling (i.e. other than gravitational) between the matter and the geometric dark energy as if both, T ab and T X ab were not conserved individually. They are, by construction.
Equivalent expressions for T X ab based on (21) can be found in Refs. [14, [28] [29] [30] [31] . In particular, in [8, 16, [28] [29] [30] 32] , one can find a definition for the EOS which is equivalent to our ω X .
Alternatively, one can consider other definitions for the geometric dark components. For instance,ρ X andp X given in Table I encompass all the expressions found in the literature according to the different values assigned to the scalar functions A and B, as we will show next. These alternate expressions for the density and pressure of GDE are derived from an EMT given bỹ
which can be written in terms of purely geometrical quantities asT
Definitions I. We labeled them simply by ρ X and p X and are given explicitly byρ X andp X taking A = B = 1 from Table I . Both ρ X and p X are associated with T X ab (19) . Alternatively if one uses (23) with the previous values for A and B one obtain the alternative expressions for ρ X and p X without the matter terms (see [16] ).
Definitions II. These are given by taking B = 1 and the ad-hoc choice A = f 0 R = const. (i.e. f R today; see [24] for a discussion concerning this constant f 0 R ) leading to the GDE variables introduced in [20] [21] [22] 24] . Like T Figure 2) . The divergence of this EOS is a drawback that was already observed in [22] and later discussed by Starobinsky [14] . Due to this pathological behaviour EOS ω II X is not suitable for comparing with observations. Definitions III. The third kind of definitions are associated with the choice A = f R and B = 1. This is similar to T II , X ab except that now f R is not a constant. This EMT was considered by Sotiriou & Faraoni [7] (denoted T Table I ). It is interesting to note that for the vacuum solution R = R 1 discussed previously, these definitions read:
which, due to the presence of the factor f R , are not related to Λ eff like ρ X = Λ eff /κ and p X = −Λ eff /κ. This already shows the unnatural character of Definitions III, despite the fact that the factor f R cancels out when considering the EOS ω
Notwithstanding, the most disturbing aspect of this third definition is that in the realistic scenario when matter is 2 Since this dimensionless quantity appears as G eff = G 0 /f R and at present time G 0 eff ≈ G 0 , thus one expects f 0 R ≈ 1. present and where R varies with the cosmic time, the EMT T
III , X ab
is not conserved because the scalar f R is not a constant, and so
Definitions IV. The fourth type of EMT for GDE is obtained from the choice A = 1 and B = f Table I ). We find the following relationships between Definitions III and IV,
Definitions IV has been considered by several authors [6, [31] [32] [33] [34] [35] [36] [37] . Like T
, T
IV , X ab
is not conserved either.
Only in vacuum T IV , X ab is conserved as it coincides with T X ab , and in that instance the EOS ω IV X and ω III X reduce to ω X . Nonetheless, since the Universe does contain matter, Definitions I are different from III and IV in general, and so ω X is not equivalent neither to ω III X nor to ω IV X . Since both T III , X ab and T
are not conserved, the corresponding densities and pressures will not obey an equation like (14) . In particular
The additional source term that appears in the r.h.s of Eq. (27) depends on ρ [see Eq. (15)], and on the time variation of the scalar f −1
R . Both never vanish in general.
V. DISCUSSION Figure 1 shows the three EOS ω X , ω II X , ω III X . As concerns ω X , our results are consistent with those reported in Refs. [15, 16, [28] [29] [30] 32] . The EOS ω X and ω III X , although inequivalent, give similar results for the three models. However, as we pointed out before, the EOS ω II X can have a completely different behavior as it diverges at some redshift (see Figure 2 ). This is because ρ II X vanishes at that redshift and then becomes negative, as seen in Figure 2 (middle and left panels). The vanishing of ρ II X can be understood by looking atρ X in Table I , notably at the term ρ(1 − f R B/A) with B = 1, as we argue next. First, when A = 1, which corresponds to ρ X , the combination ρ(1 − f R ) is always positive since 0 < f R < 1 during the cosmic evolution. If the other contributions are positive, which is expected since f RR ≪ 1 and since the other terms will give rise to Λ eff > 0, then ρ X > 0. Nevertheless when we consider ρ R is not fixed beforehand but it is rather predicted from the initial conditions in the past. Conversely, the Hu-Sawicky model was constructed in such a way that f 0 R ≈ 1 and so ρ(1 − f R /f 0 R ) is less important at the same epochs given that 1 − f R /f 0 R ≈ 0. This explains why we did not encounter that divergence in this model in the range of the redshifts we explored. However, farther in the past where ρ dominates over the geometrical terms, ρ(1 − f R /f 0 R ) might become important and can make ρ II X to vanish in that model too. This depends on how much 1 − f R /f 0 R and ρ increase and decrease respectively as looking from past to present. At any rate, this divergence is unacceptable and indicates that EOS ω II X is ill-defined. In summary, there exist at least three inequivalent definitions ω X , ω II X , ω III X that we have identified in the literature as representing the geometric dark energy component. Definitions III and IV are flawed as their respective EMT's are not conserved. In particular, the non conservation of T IV , X ab manifests a spurious "interaction" between matter and GDE, which can be made to vanish if Definitions I or II are adopted. Notwithstanding, Definitions II seems rather ad hoc, and furthermore ω II X is prone to diverge during the cosmic evolution. We conclude that the most satisfactory definition for the dark energy in the framework of f (R) gravity is provided by Definitions I. It is important to come to an agreement on which of those definitions will be ultimately compared with the cosmological observations in view of the forthcoming projects planed to determine with better precision the EOS of dark energy [25, 26] .
